On finite groups with conditions on the centralizers of p-elements  by Arad, Zvi & Chillag, David
JOURNAL OF ALGEBRA 51, 164-172 (1978) 
On Finite Groups with Conditions 
on the Centralizers of p-Elements 
ZVI ARAD 
Department of Mathematics, Bar-Ilan University, Ramat-Gan, Israel 
AND 
DAVID CHILLAC 
Department of Mathematics, Tech&on Israel Institute of Technology, Haifa, Israel 
Communicated by B. Huppert 
Received April 18, 1977 
We classify all finite simple groups in which the centralizer of every element 
of order 3, 0, is either a 3-group or is isomorphic to (0) x A,. Related results, 
including sufficient conditions for a Cpp group to be a pCC group and a classifica- 
tion of finite Cpp groups of order relatively prime to 3, are proved. 
Let p be a prime number. A finite group whose order is divisible by p is 
called a Cpp group if the centralizer in G of everyp-element is a p-group. A C33 
group is called also a C80 group. Recently, Arad and Herzog [l, 21 classified all 
CM groups. In [18] Yoshida classified finite simple groups with a Sylow 3- 
subgroup of order 9 which are “almost” CBB; namely: the centralizer of every 
element 0 of order 3 is either a 3-group or is isomorphic to (6) x A,. We use 
Yoshida’s result and the classification of CM groups to prove: 
THEOREM A. Let G be a finite simple group in which the centralizer of every 
element 0 of order 3 is either a 3-group or is isomorphic to (0) x A,. Then G is isomor- 
phic to one of the following: 
(i) PSL(2,q),p=2.3”&-l,n#O, 
(ii) PSL(2, 3”), n > 1, 
(iii) PSL(2, 4), 
(iv) PSL(2, 8), 
(4 PSL(3,4), 
(vi) PSL(3, 7), 
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(vii) A, , 
(viii) PSU(3, 5), 
(ix) Mz2 . 
If 1 G /a > 9 we can generalize Theorem A and prove: 
THEOREM B. Let G be a finite group with / G I3 > 9. Assume that ;f tI is an 
element of order 3 in G then either Co(e) is a 3-group OY c,(e) = (e) x v(e), 
where V(e) is a subgroup with no non-Abelian subgroup of order 6 and 1 V(O)i, = 3. 
Then if G is generated by 3’-elements G is a C&4 group. 
Theorem B shows that some “almost” CM groups are in fact CM groups. 
Similar statements can be made when p + 3, p a Fermat prime (See Corollary, 
Sect. I). 
The theorems will follow from general statements on not necessarily simple 
groups (Proposition E and Lemma 1). 
A proper subgroup M of a finite group is called a CC subgroup if it contains 
the centralizer of each of its nonidentity elements. A finite group in which a 
Sylow p-subgroup is a CC subgroup, p a prime, is called a pCC group. It is 
obvious that a Cpp group with Abelian Sylow p-subgroups is a pCC group. 
In [2] it is proved that GYM groups of even order are 3CC groups. We prove: 
PROPOSITION B. Let G be a Cpp group with a Sylow p-subgroup T, p a prime. 
Assume that at least one of the following holds: Either 
(i) T is regular, or 
(ii) T is equal to its Thompson subgroup andp > 5, or 
(iii) T is of maximal class, T does not involve the wreath product of two cyclic 
groups of order p and p > 2. 
Then G is a pCC group. 
As an application we classify (Theorem D) all Cpp groups G such that 
(3, I G I) = 1. Another application is: 
THEOREM C. Let G be a finite group and p a prime number. Then the following 
statements are equivalent: 
(i) The centralizer of every p-element in G is a Sylow p-subgroup of G. 
(ii) If P is a Sylow p-subgroup of G and x E P - (1) then Co(x) = P. 
In Section 1 we prove Theorems A and B. The other results are proved in 
Section 2. Our notation is standard and taken mainly from [S]. If rr is a set of 
prime numbers and G is a finite group, we denote by O”(G) the smallest sub- 
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group of G such that G/On(G) . is a n-group. If T is a p-group, we denote by 
J(T) the Thompson subgroup of T. If 1 T 1 = p” and the nilpotency class of T 
is n - 1, T is called ap-group of maximal class. 
1. PROOF OF THEOREMS A AND B 
We start by quoting the following theorem: 
THEOREM K (Juhas [IO]). Let G be a Jinite group, T a Sylow p-subgroup of G 
joy aprimep, and N = NG(T). If T is o maximal class and the wreath product of j
two groups of order p is not involved in T then 
G/09(G) ‘v N/Op(N). 
DEFINITION. Let G be a finite group and p a prime dividing 1 G I. We call 
Ga Wg rou P ff i or every element 8 of order p one of the following holds: 
(a) C,(e) is a p-group or (b) C,(e) = (0) x V, 
where V is a subgroup containing no non-Abelian subgroup of order 2p and 
j VI, =p. 
We now prove: 
LEMMA 1. Let G be a B(p) group and T a Sylow p-subgroup of G, p a Fermat 
prime. Then one of the following holds: 
(i) I TI =P’ 
(ii) G is a Cpp group 
(iii) No(T) = T. 
Proof, If 1 T / = p th en G is a Cpp group. Hence assume that I T I > p2 
and that G is not a Cpp group. Then G contains a p-element 0r such that Co(0,) 
is not a p-group. If n is such that 0 = Bin is of order p then Co(&) C C,(e) 
so that C,(0) is not a p-group. Since G is a B(p) group, C,(e) = (0) x V, 
V as described in the definition of B(p) groups. If 0 E Z(T), then T _C Co(e) 
so that 1 T / = pz, a contradiction. Hence 0 $2(T). If I Z(T)1 > p, then 
I V lp > p again a contradiction. Thus 1 Z(T)1 = p and since / T 1 > p2, 
C,(Z( T)) = T. It follows that / N&Z(T)) : T 1 divides p - 1. But No(T) _C 
NG(Z( T)) and consequently I N,(T) : T I divides p - 1. 
Assume that No(T) # T. We will show that N = No(T) is a Frobenius group 
with kernel T. Let tl E T and assume that C,(t,) is not a p-group. Then there 
is a t E T, I t 1 = p, such that CN(t) is not a p-group. Therefore Co(t) = 
(t) x V, V as above. Let x E T such that (a) = Z(T). Since CN(t) is a (2, p}- 
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group (asp is a Fermat prime), C,(t) contains an involution a. Since C,(z) = T, 
[u, z] # 1 and a E No(T) Z No((z)). Thus (t) x (a>(z) C CN(t) C (1) x I’. 
Hence (a)(.~> is a non-Abelian subgroup of order 2p which is isomorphic to a 
subgroup of V, a contradiction. It follows that C,(t,) is a p-group for ail t, E T 
and since Tis a unique Sylowp-subgroup of N, C,(t,) (3 T. Thus N is a Frobenius 
group with kernel T and a Frobenius complemebt of even order. Therefore T 
is Abelian contradicting 1 Z(T)/ = p. W e conclude that iV = T as desired. 
LEMMA 2. Let G be a B(p) group and T a Sylow p-subgroup, p a prime. Then 
one of the following holds: 
(i) G is a Cpp group, 
(ii) 1 T 1 = p2, 
(iii) T is of maximal class, 1 Z(T)\ = p, and C&Z(T)) = T. 
Proof. If (i) and (ii) d o not hold, T contains an element 8 of order p such that 
1 C,(O)\ = p2. Then (iii) holds by [9, p. 3751, and by the same argument as in 
the beginning of the proof of Lemma 1. 
The following proposition follows from [7, Corollary 12Sj if p > 3. Since 
we do not use [7] here and the proof is the same as inp = 3, we state it generally. 
PROPOSITION E. Let G be a B(p) group and T a Sylow p-subgroup of G, 
p an odd prime. Assume the foLowing: 
(a) NO(T) = T 
(b) T contains an Abelian subgroup of index p, 
(c) G is generated by p’-elements, 
Then G is a Cpp group. 
Proof. We assume that G is not a CUP group and get a contradiction by 
showing that T has a normalp-complement. This will contradict Assumption (c). 
If T contains two Abelian subgroups of index p, then J(T) = T and so 
N&J(T)) = T = C&(T)) (see Lemma 2), and [7, p. 451, yields a normal 
p-complement, Hence we can assume that Tcontains a unique Abelian subgroup 
of index p. Clearly this subgroup is J(T). Let M = N&(T)). We first assume 
that M # T. We claim that M is a Cpp group. If not, as in the previous lemmas, 
T _C M contains an element 0, 1 6’ 1 = p, such that C,(O) is not a p-group and 
therefore C,(8) = <e> x V, V as in the definition of B(p) groups. Let c be a 
p’-element of C,(O). If B E J(T), then J(T) C C,(e) as J(T) is Abelian. This 
implies that ( J(T)1 = p2 so that T’ is cyclic. Hence T is regular and [5] implies 
that G has a normal p-complement. Hence 0 #J(T) so that (O)](T) = T. But c 
normalizes <O)](T) contradicting N,(T) = T. Thus, M is a Cpp group with 
1 f J(T) C O,(M). S ince N,(T) = T, T 4 M would imply T = M so that 
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Williams’ result [17, Proposition 2.21 implies that Og(M) # M. Thus, M has 
a normal subgroup of index p and therefore / M’ / 2, < j J( T)J. 
Now, if J(T)g C M f or some g E G. We have that both J(T) and J(T)@-’ are 
subgroups of M. If J( 7’) # J( T)g-‘, J( T)J( T)g-l is a Sylow subgroup of G 
with more than one Abelian subgroup of order p, a contradiction. Thus, J(T) = 
J(T)g-l so that g E N,(J(T)) = M. Therefore J(T)g $ M for all g E G - M 
and since G is generated by p’-elements a theorem of Leonard [l l] implies that 
T C M’, a contradiction. Hence M = N,(J(T)) = T -L C&Z(T)) and G has 
a normal p-complement. This completes the proof of the proposition. 
Proof of Theorem A. If j G I3 = 9 the result follows from Yoshida [IS] and 
[l, 21. Hence we assume that 1 G /a > 9. If G is not a CM group then Lemma 1 
implies that N,(T) -= T, where T is a Sylow 3-subgroup of G. If j T ] < 34, 
then T contains an Abelian subgroup of index 3 [12, p. 1461 contradicting 
Proposition E. If j T j > 34 then C’s 2 C, (the wreath product of two groups of 
order 3) is not involved in T as T is of maximal class by Lemma 2 (see [4]). 
Then Theorem K implies that 03(G) f G because 03(Nc( T)) = 0$(T) = 1. 
This is a contradiction and therefore G is a simple C&’ group. These groups are 
classified in [2]. 
Proof of Theorem B. Read proof of Theorem A from the third sentence on. 
For Fermat prime p we have: 
COROLLARY. Let G be a B(p) group, p a Format prime. If G is generated by 
p’-elements and 1 G ID > p2 then G is a pCCgroup. 
Proof. Ifp = 3, Theorem B implies that G is a CBB group and since 03(G) = 
G, the corollary follows from [2]. If p # 3 than Nc( T) # T, where T is a Sylow 
p-subgroup of G, because O”(G) = G and from [7, Corollary 12.51. Thus 
Lemma 1 implies that G is a Cpp group, and [17, Corollary l] implies that G 
is a pCC group. 
2. CENTRALIZERS OF ~-ELEMENTS 
LEMMA 3. Let G be a Frobenius group with a Frobenius kernel M. If K (1 G 
then either K C M or M _C K. In particular if r = a(M) then Or(M) = M. 
Proof. Suppose that K $ M and let x E K - M. Then the mapping from M 
into M defined by m --j [x, m] for all m E M is one-to-one because M is a CC 
subgroup of G. Since M is finite the mapping is onto so that M = [x, M] C_ K. 
If H is a Frobenius complement of G, H C On(G) so that O”(G) ‘$ M. Thus 
MH C O”(G) as claimed. 
Proof of Proposition B. If p = 2 a regular group is Abelian so that G is a 
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2CC group. If p # 2 and Op(G) = G the proposition is a consequence of 
117, Corollary 11. Th us, Proposition B will follow from the next proposition. 
PROPOSITION F. Let G be a Cpp group with a’Sylow p subgroup T, p # 2. 
If Or’(G) # G and T satisfies either (a), or (b), or (c) of Proposition B then either G 
is a p-group or a Frobenius group with a Frobenius complement T. 
Proof. Assume that G # T. Let N = No(T). Assume that N # T. If x E T 
then C,(X) is ap-group so that C,(x) C T. Hence N is a Frobenius group with T 
as a Frobenius kernel. Lemma 3 implies that Op(N) = N. Since Op(G) # G, 
this contradicts [9, p. 4471 in Case (a). [6] in Case (b), and Theorem K in Case (c). 
Therefore No(T) = T and Op(N) = 1. The above results imply that / G/Or(G)1 = 
/ T / . Then OP(G) is a normal p-complement of G and it is clearly a CC subgroup 
because it is a unique p’-Hall subgroup of G. Hence G is a Frobenius group as 
desired. 
Proof of Theorsm C. Certainly (ii) implies (i). Assume that (i) holds. Let P be 
a Sylow p-subgroup of G. Let p” be the exponent of P. Since every p-element of 
G lies in the center of some Sylow p-subgroup, Z(P) contains an element u of 
order pe. Assume first that e > 1. Let y E P and set 1 y / = pt. If 1 < t < e 
then C,(uy) = C,((uy)P”) = C,(uP’) == P, because of our assumption. Thus 
uy E Z(P) so that y E Z(P). If y E P and / y / = / u 1 then as above yn E Z(P) and 
yP # 1. Then C,( yyp) = C,(( yyr’)“‘-‘) = C,( y”“-‘) = P so that y E Z(P). 
It follows that P is Abelian and (i) holds. 
If e = 1 then P is regular [9, p. 3221 and Proposition B implies that (i) holds. 
We now consider groups of order prime to 3. We classify all such Cpp groups. 
We start a classification of all such groups containing a CC subgroup. 
LEMMA 4. Let G be afinitegroup containing a CC subgroup A. If (I G I,3) = 1 
then one of the following holds: 
(a) G is a Frobenius group and A is either the kernel or a complement. 
(b) G = No(A)R, where R is a nilpotent normal complement of No(A). 
Moreover, A is cyclic and G is solvable. 
(c) If F = Fit(G) and G = G/F then 
W) C ~7 C AutMq)) 
for some q = 22n+1. If F # 1 then A is cyclic and A n F = 1. If A is not cyclic 
then G N S,(q), F = I and A is either a Sylow 2-subgroup or a normalizer of a 
Sylow 2-subgroup. 
Proof. By [3, Theorem 41 we can assume that A is cyclic. By [13] we may 
assume that I A 1 is odd. If G is simple we are done by [16]. Assume that G is 
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not simple and let N be a minimal normal subgroup. If N = Nr x Ne x ... x NY, 
where the Ni are isomorphic simple groups then A n N # I because otherwise 
AN would be a Frobenius group with kernel N, forcing N to be nilpotent. 
Hence Lemma 2 of [3] implies that A C N. Again A n Nr # 1 so that A C Nr 
and consequently N, = N is a simple group so that N E S,(q). Since iz C N 
and A is a CC subgroup we get that C,(N) = 1 so that S,(g) C G C Aut(S,(q)). 
Therefore we can assume that N is a p-group for some prime p. If p E n(A), 
A 1 N as A contains a Sylow p-subgroup of G (See [3, Lemma I]). Since A 
is a T.I. set ([3, Lemma I]), A 4 G so that A is a Frobenius kernel of G and (a) 
holds. Hence we can assume that p $ n(A). By the same argument we may 
assume that O,,(G) = 1 for v = r(A). Let F = Fit(G), then F # 1 and F is a 
&-group. Thus F n A = 1. Set c == G/F, A- = AF/F c/ A and let R = K/F 
be a minimal normal subgroup of G. If G is simple then (c) holds, so assume 
that 1 # R # G. Now G contains a CC subgroup -4 E A (see [3, Lemma 31). 
If R is a p-group for p E 7r, then as above 2 4 G so that AF 4 G. Since all 
T-Hall subgroups of G are conjugate (see [12, p. 230]), Frattini’s argument 
implies that G = No(A)F. If 1 #F n No(A) = N,(A) -=z A’JA) then 
[N,(A), A] == 1 as A n F = 1. Thus F n N,(A) = 1 and (b) holds. 
If p $ m, K is a n’-group and K Q G. Then AK is a Frobenius group with 
kernel K so that K is a nilpotent forcing K = F and R = 1. We conclude that K 
is nonsolvable and as above we get that x is a simple group with a C E. Again 
R N S,(q) and CG(K) = 1 and (c) holds. 
PROPOSITION G. Let G be a Cpp group, p an odd prime. If (/ G 1, 3) = 1 then 
one of the following holds: 
(a) G is a p-group, 
(b) G is a pCC group, 
(c) G is a 3-step group and therefore of odd order. In particular, O,(G) # 1 
and 03(G) # G. 
(FOY the dejinition of 3-step groups see [17].) 
Proof. Let G be a counterexample of minimal order. Then G is not ap-group 
and Op(G) # G (by [17, Corollary 11). Thus G contains a normal subgroup K 
of index p. If ] G I9 = p G is a pCC group and consequently / K 1 p # 1. Let 
G, be a Sylow p-subgroup of G and let Kp = K n G, . Then K, is a Sylow 
p-subgroup of K. Since K is a Cpp subgroup of order less than 1 G /, K satisfies 
either (a), (b), or (c). If K is ap-group, so is G, a contradiction. If K is a 3-step 
group then O,(K) # 1 so that O,(G) # 1. Now [17, Proposition 2.21 yields 
a contradiction. Thus K is a pCC group and K, is a CC subgroup of K. By 
[3, Lemma 21, K, is a T.I. set in K. 
Let N be a minimal normal subgroup of K. Lemma 5 of [3] implies that one 
of the following is true: (i) K is a Frobenius group and K, is either the kernel 
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or a complement. If K, is the kernel then O,(G) # 1 and [17, Proposition 2.21 
yields a contradiction. If K, is a complement, K, is cyclic and therefore G,’ is 
cyclic. Then G, is regular ([9, p. 3221) and we get a contradiction from Proposi- 
tion B. (ii) K, is cyclic, a contradiction as above. (iii) N is simple and K, _C N. 
But then -V N S,(q) and since all subgroups of S,(q) of odd order are cyclic 
we have that K, is cyclic, again a contradiction. 
Now the previous proposition, Lemma 4, and [ 151 imply: 
THEOREM D. Let G be a Cpp group, p an odd prime. If (1 G j, 3) = 1 then one 
of the folloz&ag holds: 
(i) (a) OY (c) of Proposition G. 
(ii) (a) OY (b) of Lemma 4, 
(iii) (c) of Lemma 2 with A cyclic and q = 22n+1 such that either q - 1 
or 4 +r+lorq-~+laareprimepowe~s,2q=r~. 
Remark. If p = 2, Cpp groups are called CIT groups. They are classified 
in [14]. 
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